Despite the ubiquity and importance of water, the properties of deeply cooled water below the homogeneous nucleation temperature around 237 K are still a subject of debate.^[@ref1]−[@ref13]^ At the glass-transition temperature of 136 K, water is the strongest liquid ever identified.^[@ref14]−[@ref16]^ On the contrary, above the homogeneous nucleation temperature, water is a very fragile liquid.^[@ref14]^ Somewhere between the glass-transition temperature and the homogeneous nucleation temperature, there has to be a crossover between strong and fragile dynamics.^[@ref17]^ The exact nature of such a dynamic crossover has been elusive and controversial.

Experimental investigation of the dynamic crossover is typically done under confinement,^[@ref18]−[@ref21]^ or with another solute to suppress freezing.^[@ref22],[@ref23]^ Theoretical simulations with the Jagla,^[@ref24]^ ST2,^[@ref25]^ SPC/E,^[@ref26],[@ref27]^ and TIP4P^[@ref28]^ models showed crossover behaviors, although how realistic these models reflect the physics of true water is an open question.^[@ref4],[@ref12]^ Most of the water models used for the simulations were created by fitting to experimental properties. Recently, a water model, WAIL,^[@ref29]^ has been developed by fitting to electronic structure calculations^[@ref30],[@ref31]^ performed at coupled cluster quality.^[@ref32]^ The WAIL model predicts the melting temperature (*T*~M~) of water to be ∼270 K and a temperature of maximum density (TMD) around 9 °C, in good agreement with experimental values. A simulation with the WAIL potential is less susceptible to biases, which could be introduced when a model was fit to experimental observables. Simulations with WAIL reflect the prediction from the underlying first-principle method used for parametrization,^[@ref33]^ under the limitation of the simple energy expressions used for the potential.

It has been shown that the WAIL potential supports two forms of liquid water in the supercooled regime with distinct densities.^[@ref15]^ The two forms,^[@ref34]^ high density liquid (HDL) and low density liquid (LDL), have a critical temperature around 207 K at 50 MPa. Above the critical point, the two microscopic forms coexist in one phase across the Widom line;^[@ref35],[@ref36]^ below the critical point, a sharp transition between the two forms is observed consistent with a first-order phase transition in our simulation.

The structural relaxation kinetics of the WAIL water has not been studied. While most existing simulations on dynamic crossover in supercooled water have focused on the diffusion constant by fitting to the power law scaling predicted by the mode-coupling theory,^[@ref37]^ viscosity is one of the most direct experimental observables for determining fragility.^[@ref38]^ Computational study of the viscosity of supercooled water is rare in literature. In this work, we measured the viscosity of water using nonequilibrium molecular dynamics (NEMD) by applying an external force with a sinusoidal profile.^[@ref39]^ The approach is frequently referred to as the cosine acceleration method.^[@ref40]^ Hess compared four different approaches for calculating viscosity of water and found the cosine acceleration method to be the most reliable.^[@ref40]^ Compared with a Green--Kubo based approach, an NEMD approach generally converges faster. This is important for supercooled water simulations due to the long trajectories needed at low temperatures.

Unless otherwise noted, the viscosity measurements were performed in an orthorhombic box with an average dimension of 2.2 nm × 2.2 nm × 4.4 nm containing 686 water molecules. The box was constructed from the initial configurations sampled previously by Li et al.^[@ref15]^ and replicated in the *Z* dimension. The longer *Z* dimension is required to ensure the validity of the Navier--Stokes equation.^[@ref40]^ The new box was equilibrated for 7 ns. The cosine acceleration was applied after equilibration over a 20 ns period with the velocity profile measured for the last 15 ns. Such a long measurement is required due to the slow dynamics in supercooled temperatures. For selected temperature and pressure points described later, a large simulation box containing 2744 water molecules was used to assess the finite size effect. The larger box has an approximate dimension of 4.4 nm × 4.4 nm × 4.4 nm. A total of 3200 viscosity measurements were performed to reduce the error bar of the measured viscosities. This translates to approximately 70 μs worth of trajectory.

The Ewald summation method was used to treat long-range electrostatics. The equation of motion was integrated with a time step size of 0.5 fs with the hydrogen assuming the mass of the deuterium isotope. The Vogel--Fulcher--Tammann (VFT) and Arrhenius fit were performed by minimizing the weighted sum of squared residuals (WSSR), where the contribution of each point was weighted by the inverse of the square of the error. The error bars were determined by bootstrap resampling of the measured viscosities. The resampling was performed with replacements.

[Figure [1](#fig1){ref-type="fig"}](#fig1){ref-type="fig"}a shows the viscosity as a function of temperature for pressures from 0.1 to 70 MPa. A clear strong-to-fragile transition is observed with the low-temperature viscosity showing the Arrhenius dependence and the high-temperature viscosity showing VFT kinetics.^[@ref41]^ WAIL water has a first-order liquid--liquid transition above 50 MPa. At 70 MPa, the liquid--liquid transition occurs below 200 K, which is the lowest temperature investigated in this work. Thus, only VFT kinetics of HDL can be seen at this pressure.

![(a) Viscosity of supercooled water as a function of temperature for pressures from 0.1 to 70 MPa. The LDL-HDL thermodynamic transition temperatures (*T*~therm~) are shown as black dots. (b) Viscosity of supercooled water at 50 MPa shows a discontinuity between the two liquid forms. The viscosity of the metastable HDL at 205 K is labeled as H, and the viscosity of the metastable LDL at 210 K is labeled as L. (c) Viscosity of supercooled water at 30 and 40 MPa. The blue dots were calculated with a simulation box that is 4 times larger. (d) Viscosity of supercooled water at 0.1, 10, and 20 MPa shows a continuous transition between LDL and HDL forms. In the top panels, the error bars can be seen through the hollow symbols. In many cases, the error bar is virtually zero in the log scale graph and can be seen as one horizontal line at the center.](jz-2015-013484_0002){#fig1}

The viscosity at 50 MPa is highlighted in [Figure [1](#fig1){ref-type="fig"}](#fig1){ref-type="fig"}b. At this pressure, the WAIL water undergoes a first-order phase transition at ∼207 K.^[@ref15]^ The HDL shows a precise fit to fragile kinetics above the transition temperature, and the LDL viscosity was fit to Arrhenius kinetics below the transition temperature. The viscosity shows a discontinuous jump at ∼207 K. Although the first derivative of a dynamic variable, such as viscosity, is expected to be discontinues along a strong-to-fragile transition, most existing studies assume a continuous change in the dynamic variable itself when fitting across the transition line. Our simulation suggests that, during a first-order phase transition between two liquids, a discontinuity in the dynamic variable itself should be expected. This is not surprising considering the two liquids have different viscosities. Similar discontinuity in diffusion constant has been shown in previous studies using the Jagla model.^[@ref24]^

To confirm this observation, we calculated the viscosity of metastable liquids across the transition line. In supercooled water, although ice is more stable thermodynamically, it is not accessible in our simulation time scale. At 210 K and 50 MPa, although the HDL phase is more stable, LDL can exist for hundreds of nanoseconds before transforming spontaneously and irreversibly to the HDL.^[@ref15]^ In [Figure [1](#fig1){ref-type="fig"}](#fig1){ref-type="fig"}b, the viscosity of the metastable LDL phase before the spontaneous transition is marked as L. Similarly, the viscosity of the metastable HDL phase at 205 K is marked as H. The metastable points stay close to the extrapolated viscosity curves obtained by fitting to the more stable liquid viscosities, clearly showing a kinetic discontinuity across the liquid--liquid transition line. This confirms that the discontinuity in viscosity observed is not an artifact of our fitting procedure.

The viscosity of supercooled WAIL water at 30 and 40 MPa is shown in [Figure [1](#fig1){ref-type="fig"}](#fig1){ref-type="fig"}c. At these pressures, LDL and HDL are no longer two distinct phases. For a macroscopic system, one would expect the viscosity to be continuous as the two liquid forms fluctuate in a one phase regime. However, [Figure [1](#fig1){ref-type="fig"}](#fig1){ref-type="fig"}c clearly shows a discontinuity in viscosity across the Widom line.

Close to the critical point, the structural fluctuation is correlated over an extended distance, which is larger than or comparable to the size of our simulation box. The time trace of box density, as shown in [Figure [2](#fig2){ref-type="fig"}](#fig2){ref-type="fig"}, indicates that the system oscillates strongly between HDL and LDL conformations, with the entire box being HDL or LDL rather than a mixture. For a macroscopic system, only domains of the system rather than the whole will assume HDL or LDL forms, and thus the measured viscosity does not reflect the true viscosity of a macroscopic system.

![Time trace of the box density at 30 MPa 210 K (top) and 40 MPa 210 K (bottom). The horizontal lines are the expected density for HDL and LDL, respectively.](jz-2015-013484_0003){#fig2}

To assess whether the finite size effect indeed explains the apparent discontinuity in viscosity, we repeated the viscosity calculations for selected points using a box containing 2744 water molecules, which is 4 times as large as the other boxes. The blue dots in [Figure [1](#fig1){ref-type="fig"}](#fig1){ref-type="fig"}c mark the viscosity calculated with the larger box. Close to the critical point at 210 K, the larger box resulted in a much larger viscosity, consistent with a continuous crossover slightly above 205 K.

Although the viscosity measured with the larger box is significantly larger at 210 K, the difference decreases as the temperature moves further away from the critical temperature, consistent with the expectation that shorter spatial correlation lengths further away from the critical point minimize the finite size effect.

[Figure [1](#fig1){ref-type="fig"}](#fig1){ref-type="fig"}d shows the viscosity as a function of temperature for 0.1, 10, and 20 MPa. The viscosity shows a continuous transition from fragile to strong as temperature decreases. Only the first derivative of viscosity is discontinuous. At these pressures, the correlation length is sufficiently short due to the further distance from the critical point. Even for temperature and pressure close to the Widom line, only domains of LDL and HDL exist in a 686 water simulation box.

The temperature for dynamic crossover at 0.1, 10, and 20 MPa can be determined by the point where the VFT viscosity is the same as the Arrhenius viscosity. The dynamic crossover temperature at pressures higher than 20 MPa is estimated by a linear extrapolation of the low pressure behavior because a direct measurement of the crossover temperature at these pressures is challenging due to finite size effects. The dynamic crossover line is terminated at the critical temperature of 207 K. Below this temperature, discontinuous kinetics is observed across a phase transition line.

In [Figure [3](#fig3){ref-type="fig"}](#fig3){ref-type="fig"}, the dynamic crossover line is plotted along with the thermodynamic transition line. The thermodynamic transition line follows the phase boundary below the critical point. Above the critical point, there is no phase transition, the population switches over from LDL dominate to HDL dominate across the Widom line. Thus, the thermodynamic "transition" line in the figure follows the Widom line, which is approximated using the inflection points of the density isobars and the maxima of isothermocompressibilities published previously.^[@ref15]^ From [Figure [3](#fig3){ref-type="fig"}](#fig3){ref-type="fig"}, it is clearly that the dynamic crossover occurs at a lower temperature than the thermodynamic switchover above the critical point. This difference is also evident in [Figure [1](#fig1){ref-type="fig"}](#fig1){ref-type="fig"}a.

![Dynamic crossover line and the thermodynamic transition line. The thermodynamic transition line follows the phase-transition line (solid) below the critical temperature and the Widom line above the critical temperature (dashed). The dynamic crossover line ends at the critical point. Below the critical point, the viscosity becomes discontinuous when the phase boundary is crossed.](jz-2015-013484_0004){#fig3}

It has been shown that, away from the critical point, the locus of maximum for different response functions, such as heat capacity and isothermocompressibility, do not necessarily agree.^[@ref42]^ In this work, we will assume the Widom line^[@ref35]^ is close to the 50--50 line, where each of the two microscopic forms of liquids has about 50% mole fraction. The shift between the dynamic crossover and the thermodynamic switchover can be understood considering an ice--water mixture with small ice crystals dispersed in water. A mechanical measurement of viscosity of such a mixture,^[@ref43]^ using methods such as the capillary flow technique^[@ref43]^ or a falling sphere viscometer,^[@ref44]^ will not reveal the viscosity of ice because ice flows inside the more fluid liquid when the viscosity is measured. Dynamic crossover will not occur until a sufficient amount of ice has developed so that ice no longer flows without pushing into each other, which, intuitively, should occur when the mole fraction of ice is significantly over 50%.

We postulate that in supercooled water above the critical temperature, two microscopic forms of the liquid fluctuate quickly, and the viscosity of the liquid is dominated by the form with lower viscosity, which is HDL. Above the critical point, the VFT dynamics at higher temperature is caused by the increased population of LDL domains and the crossover to Arrhenius regime is caused by the formation of a sufficient amount of LDL to jam the system. This will explain the observation that the kinetic crossover temperature occurs below the thermodynamic, Widom, switchover temperature. It has been shown previously that the jamming of granular particles is expected to follow VTF kinetics.^[@ref45]^

It is worth pointing out that our observation of the shift of the dynamic crossover line to the lower temperature from the Widom line has also been observed experimentally.^[@ref46]^ For example, figure 1 of ref ([@ref46]), by Chen et al., clearly showed the dynamic crossover in α-relaxation to be at lower temperature than the maximum in differential scanning calorimetry, although Chen concluded the two temperatures agree within the experimental error bars. If our explanation of the shift is indeed true, we anticipate similar shifts between the two lines to appear in some other liquids.

We note the HDL form by itself also shows VFT dynamics because the HDL liquid below the critical temperature shows fragile kinetics. This is consistent with the observation of VFT kinetics of other glass formers. Without formation of LDL in the HDL phase, the viscosity of HDL remains relatively low and a discontinuity is observed across the phase transition line.

We note that the discontinuity in viscosity with the WAIL model does not prove a first order liquid--liquid phase transition in real water. However, the WAIL model was created based only on electronic structure information as input and is thus a first-principle based model. In WAIL water, the viscosity of a mixture of LDL and HDL forms in one phase is dominated by the viscosity of the less viscous HDL form. The dynamic crossover occurs only when the LDL population starts to dominate the liquid. Although this argument explains the shift in dynamic crossover in viscosity from the thermodynamic switchover line, it is not immediately clear to us whether a similar conclusion can be drawn when diffusion constant is used to characterize dynamics because the Stokes--Einstein equation may not hold when crossing to the Widom line. The validity of the conclusion when other dynamic variables are used to characterize dynamic crossover requires further investigation.

Close to the critical point, the finite size effect of the simulation leads to a deviation from VFT kinetics; this leads to a discontinuity in the apparent viscosity across the Widom line. Such a discontinuity above critical temperature should not exist in macroscopic samples but may be observable experimentally in confined systems. Below the critical point, the viscosity in our simulation shows a clear discontinuity, which can only be explained by a first-order transition between two different phases. Many existing studies of the fragile-to-strong transition in supercooled water and other glass formers have fit the VFT and Arrhenius kinetics with a discontinuous first derivative but a continuous viscosity. Our work shows that the viscosity itself can be discontinuous when the underlying transition is truly first order.
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